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Mathematics
Paper — i

Time : 3 hours
Full Marks : 200

The figures in the right-hand margin indicate marks.

Answer five questions choosing
one from each Unit.

UNIT -1 :
1. (@) () Letf,(®)=———"X forallrealx. Show
2n + sin“ x

that (f,) converges uniformly on R. 5

3
(i) Evaluate | [|x] djx| where [x] is the
largest integer < x. 5

(b) What is a measurable set ? Prove that the
collection of all measurable sets is a
c-algebra. ' 15

(c) State and prove Minkowski's inequality for
LP [0, 1] space. 15
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2. (a) (i) Suppose f is 3 real, continuously
dnfferentlable function on [a, b],

f(a) = f(b)_ = o_and L 2(x) dx = 1. Prove
that [ x () ¥(x) dx=— 1. 5
(i) Iffe L1 [0, 1Jand g € L= [0, 1], prove

1 .1 -
that | ifgl< [ 1f)- gyl 5

(b) State Fatou’s Lemma. Use Fatou’s Lemma
to prove Lebesgue’s Dominated

convergence theorem._, 15

(c) Construct a set which is not measurable in

the sense of Lebesgue. 15
UNIT e |

3. (@) (@i LetX X be metric spaces. If F:X>Y
is contmuous and G Y—>2Zis closed,
prove that GOF : X - Zij Is closed. 5

(i) LetYbea subspace of a normed space X.

Show that Y? #¢ if and onlyifY=X. 5

(b) Let Y be a closed subspace of a normed

- space X. Forx +Yin the quotient space XYY,
etillx+ Y|l =inf{j|x+y|: ‘ye Y}
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Show that ||}, ||| is a norm on X/Y. Prove that a
sequence (X, + Y) converges to x + Y in X/Y if
and only if there is a sequence (y,) in Y such
that (x,, +y,,) converges to x in X. 15
(c) Let<, >be aninnerproducton alinear space
X. If{uq, u,, -----} is a countable orthonormal
set in X and x € X, then prove that

D I<x, u>[2 < || x|f? and equality holds if and
n
onlyifx=3% <x,u>u,. = | 15

4. (a) (i) Let (xp) bé ai weakly? convergent
sequence in a normed space X. Prove

that weak limit of (x,) is unique. o

(i) IfA= ¢ is a subset of an inner product
space X, prove that AL =AH 5

(b) Prove that a normed Space X is a Banach
space if and only if every absolutely
convergent series of elements in X is
convergent. &5 15

(c) LetXbe anormed space. If the linear space
X’ of all continuous linear functionals on X is
separable, prove that X is separable. 15
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S.

(a)

(b)

(c)

UNIT -1l

() Find the coordinates of the vector
(1, 2, 1) relative to the ordered basis
B={(2,1,0),(211), (2,2, 1)} 5

(ii) Evaluate the rank of the matrix : 5

(37 259 481 407
19 133 247 209 |
25 176325 2781

Let T be the linear operator on R which is

represented in the standard ordered basis

by the matrix .
[ -9 4 4]
A=|-8 3 4
e G

Prove that T is diagonalizable by exhibiting a
basis for R3, each vector of which is an eigen-
vector of T. 15

If W, and W, are finite dimensional
subspaces of a vector space V, prove that
W, + W, is finite dimensional and
dim W, + dim W, = dim (W; n W,) +

- dim (W, +Wy). | 15
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6. (a) (i) Find the characteristic polynomial and

minimal polynomial of the matrix: 5
2 -2 14
0O 3 -7
O 0 2

(i) LetTbethe inear operator on R3 defined by
T(xq, X5, X3) = (3%, Xq — Xy, 2X4 + X3 + X3).
Is T invertible ? If so, find a rule for T~
like the one which defines T. 5

(b) LetV and W be vector spaces over the field
Fandlet T be alinear transformatlon fromV
to W. If V is finite dlmensmnal prove that

rank(T) + nullity(T) = dim(V). 15

(c) LetV be avector space over the field F and
let T be alinear operatoron V. If A4, A, ..... Ay
in F are distinct eigenvalues of T and if

7 TR, 7 S———— v, are eigenvectors of T

belqnging to Aq, Apy ... Ay respectively,

prove that vy, v, ......... v are linearly

independent over F. 15
UNIT - IV

7. (a) (i) Prove by mathematical induction that
(11)™2 + (12)2"*1 s divisible by 133 for
every positive integer n. 5
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(i)

(b) ()

(i)

A graph G has 14 vertices and 27 edges.
The degree of every vertex of G is 3, 4
or 5. There are six vertices of degree 4.
How many vertices of G have degree 3

and how many have degree 5 ? 5

Show that R — S can be derived from
the premises P - (Q —> S), |RvP

and Q. 7
Obtain_ the principal disjunctive normal
formof P — (P A (Q — P)). 8

(c) Find an explicit formula for the Fibonacci
sequence. 15

8. (a) ()

(i)
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Use a K-map to find a minimal expansion
as a Boolean sum of Boolean product of
the function F(x, y, 2) = xyz + xyZ + xyz +
XyZ +Xyz +Xyz +XyZ, where X denotes
the complement of x. 5
Let X = {a, b, ¢} and P(X) its power set.
Let — be the inclusion relation on the
elements of P(X). Draw the Hasse
diagram of the partially ordered set

(P(X), ©). ’ 5
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(b) What is a tree ? Prove that a tree with n
vertices has precisely n — 1 edges. Draw ali
non-isomorphic trees with 5 vertices. 15

() (i) Show that in a complemented,

distributive lattice (L,* ®)
asbea*b'=0sa’@db=1 < b'<a’
fora,bel. 8

(i) Show that every distributive lattice is

modular. 4 7
UNIT -V
9. (a) () Solvethe initial value probiem : 5
dy — X e
g T 5y =3e%, yi0)=1.
(i) Solve = y*z 52 x = -y2 5
X 8x

(b) Find the complete integral of the equation

8z)2 5z ) .
[(—8;) + (gy_) ] y = zgy— by Charpit’'s

method. 15
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(c) Prove the recurrence relation iPn(x) -

dx
X ad; Pnq (X)=nP__; (x), where P_(x) is the
Legendre pdlyndmial of degree n. 15

10. (@) (i) Find the Fourier series on the interval
— 7 < X < 1t that corresponds to the
function f defined by the equation : 5

r-Ewhen—a't<x<0

2
f(x) = 4 -
—2—' whenO0<x<mn
(i) Find the particularir.xtegral of the equation

2
(D? + 2DD’ + D)z = 12xy, where

D= _8% and D’ = -8—8; 5
(b) Use Laplace transform to solve the initial
value problem : 15
2 Y sy =ty@=7
(c) Solve 5%z e 3%z = 0 by Monge’s method.
32  §y?

15

(4
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